1. Introduction. It is often assumed in the solution of two point boundary problems by finite difference methods that an accurate answer is obtained provided the mesh length is small and the numerical calculations are carried out with sufficient accuracy. The object of the present note is to illustrate by means of worked out examples the extent of the disagreement which often exists, even for small mesh lengths, between corresponding exact solutions of ordinary differential and difference equations. Although the differential equation chosen for purposes of illustration in the present paper is a particularly simple one, the difficulties outlined are quite general and arise in the numerical solution of more complicated equations subject to two point boundary conditions. The equation considered is (i) <k + pVkfx + ky==0,
with the associated second order central difference replacement
(2) (14-lph)yr+i -(2 -h2)yT 4-(1 -¿p/i)i/,-i = 0, where p, k are constants, yr+i, yr, 2/r-i are the values of y at x = (r + 1)H, rH, (r -1)H respectively, and h = y/kH (where H is the mesh length). In all cases the range of the problem is from x = 0 to x = L where (3) L -(N + 1)H, and N is the number of internal nodes. Corresponding exact solutions of (1) and (2) are compared for two types of boundary condition.
2. Function given at both ends of the range. Consider the boundary conditions y = 0 at x = 0 and y = Y at x = L. The solution of (1) 
Ranges for which either the differential or the difference equation has no finite solution are said to be critical. It can be shown that for a prescribed value of K, a critical range of the difference equation given by (7) either approaches a critical range of the differential equation given by (5) or tends to infinity as N tends to infinity. Due to the presence of the mesh length, however small, in a difference calculation, there is never exact correspondence between critical ranges of differential and difference equations, and an attempt is now made to determine the effect of this lack of correspondence in critical range on the agreement between exact solutions of differential and associated difference equations.
Calculations are carried out for p = 0, y/2, 1.9, 2.0, \/4.99 and for h -0.1, 0.2. Values of y are obtained from (4) at x = L/2, and from (6) at the node r = (N + l)/2. The difference between corresponding exact solutions of the differential and difference equations, is expressed as a percentage of the solution of the differential equation, and the resulting values are quoted in Table 1 . It should be pointed out that when x = L/2, (5) requires modification, and in fact no finite solution of the differential equation exists for Also the sign in front of the percentage differences is plus or minus depending on whether the difference equation solution is greater or less than the differential equation solution.
There are the following points to be noted in the table :
(1) The values of I for which the differential equation has no finite solution are indicated, and it is clear that poor agreement exists between the exact solutions of the differential and difference equations in the vicinity of these critical values. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (2) As p approaches the value 2 from below, agreement between the exact solutions deteriorates and when p = 1.9, for example, the error is in excess of 2% when h = 0.1 for any I > 8.2.
(3) Once p has attained the value 2, the critical ranges of the differential equation are at infinity and the percentage errors increase monotonically with I.
(4) The P-condition numbers are given for p = 1.9, 2.0, V4.99 when h = 0.1.
The magnitude of the P number indicates the order of difficulty of obtaining an accurate numerical solution of the appropriate difference equation. The numbers are large in the vicinity of critical ranges.
3. Function and derivative given, one at either end of the range. Next consider the boundary conditions y = 0 at x = 0 and y' + ay = jS at x = L. The solution of ( 1 ) if p2 4-A2 > 4. Again, it can be shown that the critical ranges of the difference equation given by (11) approach the corresponding critical ranges of the differential equation given by (9) or tend to infinity as N tends to infinity. Calculations are carried out for p = 1.9, 2, 3 with A = 0.1. A range of values of 5 is covered for each value of p. The values of y-\/k/ß for the differential and difference equations are obtained from (8a) and (10a) respectively when p = 1.9, and from (8b) and (10b) respectively when p = 2, 3. In Table 2 , the percentage differences between corresponding exact solutions of the differential and difference equations are quoted for p = 2, 3, whereas the actual differences between corresponding exact solutions are quoted in units of .0001 for p = 1.9. This is because the exact solution of the differential equation for p = 1.9 is sometimes so small that the percentage differences are misleadingly high.
There are several points arising from Table 2 .
( 1 ) An entry co in the table means that the differential equation has no finite solution for the appropriate values of I and 5. As in Table 1 , poor agreement exists between exact solutions in the vicinity of these critical values.
(2) When p = 1.9, critical values occur periodically for each value of 5, but when p = 2, 3 there is at most one critical range for each value of 5. For example 3) The lack of agreement between exact solutions in the vicinity of critical ranges seems to be less pronounced than was the case in Table 1 Table 3 ) and so the solution of the difference equation for N = 63 is correspondingly more accurate. When b = -30, for example, the error is reduced to 2.65 %, which nevertheless is still appreciably large. Two figures are now given to illustrate some of the results contained in Table 3 . 5. Concluding remarks. Although in the present note, no attempt has been made at an exhaustive study of the accuracy of finite difference solutions of two point boundary problems, sufficient examples have been given to show the lack of agreement which can exist between exact solutions of a differential equation and its associated central difference replacement. It is also unlikely that conditions are improved by using alternative difference schemes either of the same or of higher order, since critical conditions of the differential equation have their counterparts in all difference replacements. In fact the use of higher order replacements may well complicate the situation further by introducing additional critical conditions into the system. This was certainly found to be the case in step-by-step difference solutions of initial value problems by Todd [1] .
An important point illustrated by the results in Fig. 1 is that in order to guarantee a reasonable answer using difference methods it is necessary but by no means sufficient for the exact solution of the difference equation to tend to the exact solution of the differential equation as the mesh length tends to zero. In fact, the computor is well advised to obtain solutions of the difference equation for a range of mesh lengths in order to detect any infinite step in the solution of the difference equation. For example, in Fig. 1 , convergence occurs only for A < -fV Finally, with regard to the accuracy of the numerical results presented in the present paper, it should be stated that all calculations were carried out on a 10 x 10 electric desk machine, the latter being used to its full capacity in all calculations.
